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than 1 for any material having a thermal conductivity of order
0.10 Btu/h-ft- °R or greater; thus, most materials of interest
would satisfy the assumption of equality of roughness element
and smooth wall temperatures. For these cases, there is a net
heat transfer from the roughness element to the fluid, because
the local static temperature is less than the roughness ele-
ment’s surface temperature over most of the roughness height.
If the wall is to be adiabatic, then heat must be transferred
from the fluid to the smooth portion of the wall, giving rise to
a nonzero temperature gradient at the surface of the smooth
portion of the wall.

The authors are unaware of any existing adiabatic wall
temperature data on a deterministic rough surface. In order to
ascertain the magnitude of the expected change in adiabatic
wall temperature due to surface roughness effects, the defini-
tion of adiabatic wall temperature described above was
implemented in a turbulent, compressible boundary-layer com-
puter program in which surface roughness effects were com-
puted using the discrete element roughness model of Coleman
et al.* The development and validation of this model are
discussed in detail in Refs. 4 and 5. In the discrete element ap-
proach the rough surface is assumed to be composed of
distinct roughness elements. This model is based on considera-
tion of the physics of the interactions between the discrete
roughness elements and the fluid and does not depend on the
assumption of any sand-grain equivalent. The physical effects
of the roughness elements on the fluid are modeled by con-
sidering the flow blockage, the local element/fluid heat
transfer, and by postulating that the total force of the
elements on the flow can be incorporated as form drag.

The apparent wall shear stress is composed of the viscous
shear term acting over the portion of that wall not occupied by
roughness elements plus the resultant form drag on the
roughness elements. The apparent wall heat transfer is similarly
the sum of the heat flux into the smooth portion of the wall
plus the net heat diffusion into the roughness elements.

The computer program using the discrete element roughness
model was modified to include the option of computing the
adiabatic wall temperature over a rough surface. An iterative
process was used to determine the surface temperature at
which the net heat transfer from the roughness elements was
equal in magnitude to the heat transfer to the smooth portion
of the wall. This surface temperature is by definition the
adiabatic wall temperature of a rough wall.

A study of roughness effects on adiabatic wall temperature
was made in which Re,/ft, Mach number, roughness height,
and roughness spacing £ were varied. The Reynolds numbers
were 1-10x 10%/ft and freestream Mach numbers of 2.5 and
5.0 were considered. For appropriateness to wind tunnel test
conditions, a 5 deg, 2 ft long cone (with the first 1 ft of length
smooth) was used as the body shape. Hemispherical roughness
elements spaced 3, 4, and 8 radii apart and with radii of 3 and
10 mils were selected as the roughness. These relatively small
roughness geometries were chosen in order to ensure that the
roughness heights were below the sonic line in the velocity
profiles.

Complete resuits of this study are reported in Ref. 6.
Typical results for high and low Reynolds numbers for the
M, =2.5 case are presented in Fig. 2. These show that the ef-
fect of surface roughness is to reduce the adiabatic wall
temperature from the smooth-wall condition. This was
something of a surprise since surface roughness typically in-
creases the heat transfer over that for corresponding smooth
wall condition. However, the authors feel that this typical in-
crease in heat transfer is no basis on which to argue that the
adiabatic wall temperature for a rough wall should be greater
than for the corresponding smooth wall case. As discussed
previously, the fluid temperature profile is determined by a
local balance of viscous dissipation, convection, and diffu-
sion; and all three of these are influenced by surface
roughness.

The results presented herein are consistent within the
framework of the roughness model of Coleman et al.* and
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Taylor et al.’ and serve to demonstrate that surface roughness
can alter the adiabatic wall temperature from the smooth-wall
value. The results of the study at a Mach number of 5.0 are
qualitatively similar to the results at a Mach number of 2.5
and are reported in Ref. 6.

For the high Reynolds number results shown in Fig. 2, the
recovery factors are about 0.8, a substantial reduction from
the 0.89 predicted by using Pr”*. Burmeister? shows smooth-
wall recovery factors for air in turbulent flow to be in the
range 0.85-0.93 and in laminar flow to be in the range
0.82-0.87. The range of rough-wall turbulent recovery factors
found in this study® is as large as the range shown by the
smooth-wall data for both the laminar and turbulent regimes.

Conclusion

The results of the numerical study indicate that surface
roughness can have an important effect on adiabatic wall
temperature. In particular, surface roughness characteristics,
freestream Reynolds number, and freestream Mach number
all appear to be important parameters in determining the
deviation of the adiabatic wall temperature from the smooth
wall value. The results of this study and the absence of ex-
perimental data that address the question of surface roughness
effects on adiabatic wall temperature indicate a need for addi-
tional experimental and analytical work on this problem.
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Constant-Density Approximation
to Taylor-Maccoll Solution

C. S. Moorthy*
Indian Institute of Technology, Kanpur, India

Introduction

HE constant-density solution for steady conical flow in

the hypersonic range was studied by several researchers,
e.g., Feldman! and Hayes and Probstein.? In this Note, the
Taylor-Maccoll equation is so arranged that the non-
linearities may be grouped into one term which is zero on the
cone surface as well as at the oblique shock and that, by
neglecting this term, the constant-density approximation may
also be used in supersonic range with good accuracy.
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The transonic and hypersonic similarity parameters for
conical flow may be obtained from those for the wedge flow.
At high Mach numbers, a Newtonian approximation can be
extracted. For a given half-angle of the wedge or cone, shock
detachment occurs at the shock angle at which the density
ratio across the shock reaches a maximum value.

Formulation
Let 6, w, ., and & be, respectively, the shock angle, polar
angle, cone half-angle, and angle of the velocity vector with
respect to the cone axis. Let V,, V_, U,, a, and M be,
respectively, the radial, polar, and incident velocities, the
speed of sound, and the flow Mach number. The conical
steady inviscid irrotational flow equation may be arranged as

dz

g av, , av,
92 + cota i +2V,=1\4251n2(w—5)< i + V,) 1)

With € as the ratio of the density ahead of to that behind
an oblique shock and §; as the flow deflection at the shock,

if the equation
av,
i +V,=0 )

is solved with the conditions that at w=28,

dv,
V,=U,cos6 and —_= —¢U,sinf
dew

the solution to Eq. (2) may be written as
(1—€)~! =sin26(1 + cotd,coth) 3)

This is exactly the equation obtained from oblique shock
relations. Thus, for (Vw/a)>1, the right-hand side of Eq.
(1) is zero at the oblique shock as well as on the cone surface
where w=26=35,. If the right side of Eq. (1) is assumed to be
small between the oblique shock and the cone surface, the
result is the Legendre equation. Applying the condition that
at w=6,, dV,/dw=0 in addition to those at the oblique
shock, the solution to the Legendre equation may be written
as

(1—¢) ! =sin?6(1 + xcosf) @)
where
/2
x= Z?rt:si [t;n((gc/z))] ®)
Comparing Egs. (3) and (4), we obtain
cotd; = xsinf 6)

Now, across the oblique shock, (1 —¢) may also be expressed
in terms of M sinf, where M, is the incident Mach number.
Combining this equation with Eq. (4), we may write

[sin?0— (M) 21 (1 + xcosf) = (y+1)/2 )

where v is the ratio of specific heats. Using the series expan-
sion of Lees for the velocity components behind the shock
and assuming (#—3,) to be small, Hammitt and Murthy?
solved a quadratic valid at high Mach numbers.

The plot of # vs M, for various values of 6. from Eq. (7)
is shown in Fig. 1, along with the exact values taken from
Ref. 4. For M, between 1.1 and 1.5, the error in § is less
than 10% and, at M, =1.75, it is less than 5%. For given
M, the error decreases as 6, increases.
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Pressure Coefficient

Using the complete solution to the Legendre equation and
Bernoulli’s equation for constant density, the pressure coef-
ficient C, on the cone surface may be written as

C, = (2—¢)sin*0— (cos?8/e) [(1 — €)*(sin*f/sin%5.) — 1] (8)
Using Egs. (4) and (7), Eq. (8) may be expressed as

C,= (M) 2+ (y+3)[2(1 +xcos6)] ~! — cos?8

{I(y+1DM?/2] + 1 +xcosf}
{[(y—1DM2/2] +1+xcosf}

{ [sin?8, (1 +xcosf)} 2 —1}

®

As M| — and §—§,, then, xcosd—cot?s,. Hence, the first
and the last terms on the right-hand side of Eq. (9) tend to
zero, so that

C, = [(y+3)/2]sin%§, 10)
Equation (10) agrees well with the exact values for y=1.4

and reduces to Newtonian approximation for y=1. For
M,siné,>1, Eq. (9) may be approximated by

C, _ v+3 N [(’y+3
sin?§, 4 4

2 Vi
) + (M%sinzéc)“] (11)

The plot of C, vs M, from Eq. (9) is shown in Fig. 2. At
Mach numbers below about 1.25, the error is more than
20% for small 6, and it decreases as &, increases. For given
8., the error decreases rapidly as M, increases.

The plot of C,/sins, vs M sind, from Eq. (11) is shown
in Fig. 3. The correlation is good for M;sin, > 1. The exact
points approximately lie between the curve from Eq. (11)
and the one obtained from it by replacing M} by 2M? as
shown in Fig. 3. The difference between these two curves is
similar to that between the small-disturbance approximations
of van Dyke and Cole (as compared in Ref. 5) although their
correlations are based on tang,.
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Fig. 1 Shock angle vs Mach number for various cone angles.
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Transonic Similarity
In transonic wedge flow, the entropy change depends on
the transonic approximation to (M32sin?0—1)/(M?-1),
which leads to the parameter expressed as

K, =(y+ DM%and,/2(M3} —1)32 (12)

The transonic parameter for conical flow may be obtained
by approximating the right-hand side of Eq. (6) by putting
x=coté./siné, and 6 equal to the Mach angle so that

tand, =tand, (M;sind,) (13)

Substituting this equation into Eq. (12) shows that the tran-
sonic parameter for conical flow is M,siné, times that for
wedge flow of the same half-angle.

Hypersonic Similarity
In hypersonic range, an equation analogous to Eq. (13)
may be obtained by approximating for x as in transonic case
to find sind from Eq. (6) and putting cosf =cosé, in Eq. (4),
which then gives

tans, = (1 —€)*tand, (14)
(1—¢)”sinf =sind, (15)
1.2
— EQ.(9)
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Fig. 2 Surface pressure coefficient vs Mach number for various
cone angles.
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Fig. 3 Similarity for cone surface pressure correlated on the basis
of sind,.
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Substituting Eq. (15) into Eq. (8) leads to the same result as
Eq. (10) for e=(y—1)/(y+1). For conical flow, M,sins,
may be taken as the hypersonic similarity parameter.

Shock Detachment

For given §,, the shock detachment for wedge flow cor-
responds to (de/df) =0 in Eq. (3), which gives

6, (wedge)=tan ' (1) + (5,/2) 16)

where the subscript d denotes the value at detachment.
A similar result for given 6, from Eq. (4) gives

3cosf(1—3cos20)~ ! =x an

An approximate expression for 6, whose error is less than
5% for 6.=<20 deg and less than 3% for §,>20 deg, is

0,=tan"1(2)" +(5./3) (18)

Equations (4) and (17) also give
ed=2C0t29d (19)

Using Egs. (6), (17), and (19) at detachment, we obtain

(B3/V2)eftand,/ (1 —ey) =1 (20)

Using Eq. (14), a shock detachment parameter may be defined
in terms of &, and e. Substituting Eq. (17) into Eq. (7), the
condition on the Mach number for the shock attachment
may be expressed as

(Myy) "2 <y+1—[(By+1)/2]sin%f, 2n

On the plot of 6§ vs é, for various values of M, the detach-
ment line given by Eq. (18) excludes the region of Mach
numbers less than M,. It may, then, be said that the only
strong shock possible is the detached normal one. As
M, — >, Eq. (21) gives the condition on 6,

sin26,<2(y+ 1)/Gy+ 1) 22)

For y=1.4, the maximum value of 6, is 73.9 deg and the
corresponding value of 6. from Eq. (18) is 57.6 deg, which
agrees well with the exact value of about ~58 deg.

The pressure coefficient at detachment may also be ex-
pressed as a function of é,.
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